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Dynamic Behavior of a Tethered System with Multiple
Subsatellites in Elliptic Orbits

Noboru Takeichi¤

University of Tokyo, Tokyo 113-8654, Japan
and

M. C. Natori† and Nobukatsu Okuizumi‡

Institute of Space and Astronautical Science, Kanagawa 229-8510, Japan

Dynamic behavior of a tethered system with multiple subsatellites subjected to both atmospheric drag and
changes of gravity gradient in elliptic orbits is investigated. The tethered system is modeled as a combination of
rigid-body subsatellites and lumped tether masses, and � exibility of the tether is considered. The results of the
numerical experiments show that the libration of the total system can diverge due to the atmospheric drag, and
the total system begins tumbling motion later. The physical interpretation is clearly presented by focusing on the
deviation from the periodic motion. Effects of the atmospheric drag on the attitude motions of the subsatellites
and the tension states of the tether are also investigated. It is shown that the large perturbations can cause partial
slack states of the tether, which causes unstable attitude motions of some of the subsatellites.

Nomenclature
Cd = drag coef� cient
c = damping coef� cient of tether, N ¢ s/m
d = diameter, m
E = Young’s modulus of tether, N/m2

e = orbital eccentricity
F = atmospheric drag, N
hperi = perigee altitude, m
Ix ; Iy ; Iz = inertia of subsatellite, kg ¢ m2

k = spring constant, N/m
l = length of tether element, m
le = effective length for F , m
ln = natural length of l, m
M = mass, kg
r = orbital radius, m
rE = Earth radius, m
rperi = orbital radius at perigee, rperi

1D rE C hperi, m
T = tension of tether, N
Tq = external torque of subsatellite, N ¢ m
V = relative velocity, m/s
x; y; z = position of lumped tether mass or a subsatellite

in the orbital coordinates, m
1l = de� ection of tether, m
¸ = stability parameter
¹ = Earth gravitational constant, m3/s2

º = true anomaly measured from perigee, rad
½ = atmospheric density, kg/m3

Ã = pitch angle of subsatellite, rad
Ä = Earth angular velocity, rad/s

Subscripts
p = periodic motion
s; a; b; c; d = subsatellites
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T = total system
t = tether
0 = initial conditions

Introduction

M ANY applications of tethered systems have been proposed
because tethers can be used to construct large-scale space

structure systems. A tethered system with multiple subsatellites
shown in Fig. 1 has been proposed to observe the atmospheric
region from 150 to 500 km (Ref. 1). The system consists of one
large mother satellite and four small observer satellites connected
to the mother satellite by one tether, and it can observe multiple
regions simultaneously. Because the purpose of this system is to
observe the atmosphere, its orbital speed is reducedby atmospheric
drag; therefore, a high-energy orbit is necessary to execute a long-
term operation.Because the observationaltitude is limited, the sys-
tem should utilize an elliptic orbit. Thus, this tethered system is
subjected to various changes of gravity gradient and atmospheric
environment.

Dynamic behavior of a tethered system subjected to aerody-
namic forces in circularorbitshasbeen investigatedusing simpli� ed
models,2;3 and the stability of the equilibrium state has been inves-
tigated analytically. It has been shown that the equilibrium states
can be unstable due to the combined effects of tether elasticity and
atmospheric density gradient. The stability criteria of parameters
(such as mass of the subsatellite and length of the tether and at-
mospheric drag) have been presented considering the mass of the
tether and the atmospheric drag acting on it4; the stability criteria
in slightly eccentric [e D 1:5.10¡4/–1:5.10¡3/] and nonequatorial
orbits have also been investigated.5 Parametric investigationsshow
that stability criteria in a slightly eccentricorbit are almost the same
as those in a circular orbit.

In elliptic orbits, tethered systems begin tumbling and libration
due to the changes of gravity gradient and orbital angular veloc-
ity. Because the equations of motion of even a simpli� ed tethered
system become highly nonlinear, and the equilibrium state cannot
be obtained, numerical methods to analyze nonlinear systems have
been applied. Periodic solutions and their stability have been an-
alyzed numerically,6;7 and it has been shown that stable libration
of a tethered system is possible in elliptic orbits when e < 0:353.
Through methods such as Poincaré maps, bifurcationdiagrams,and
Lyapunovexponents,motions of a tethered system havebeen classi-
� ed into libration and tumbling.8¡11 It has been shown that motions
are determined by eccentricity, tether elasticity, and initial condi-
tions. It has also been shown that the criteria of initial conditions,
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Fig. 1 Image of a tethered system for atmospheric observation.

which lead a tethered system to continue libration, become more
severe as the eccentricity increases.

Attitudemotionsof subsatellitesin the station-keepingphasehave
also been investigated.The in-plane dynamics of a rigid-body sub-
satellitehasbeendiscussedneglectingtethermass and� exibilityand
assumingconstant tether tension,12 and the couplingof tether lateral
vibration and attitude motion has been investigated analytically.13

The amplitudeof satelliteattitudemotionwas to be very small in the
station-keeping phase. In these studies, no external forces such as
atmospheric drag was considered, and only the case of circular or-
bit was discussed.Active and passive controls of three-dimensional
attitude motion of the subsatellite by using a reaction wheel and
aerodynamicequipment were discussed.14 The attitude motion was
shown to be stable about the three axes; neither � exibility of the
tether nor the aerodynamic forces on it has been considered.

This studyintendsto clarifythe fundamentalcharacteristicsof dy-
namic behavior of tethered systems subjected to atmospheric drag
in elliptic orbits. A relatively complete model of a tethered system,
where distributed mass, � exibility of the tether, and atmospheric
drag on it are considered, is used in numerical simulations to in-
vestigate dynamic behavior. It is considered that tumbling motions
of the total system and slack state of the tether, in which structural
characteristics of the tether are lost, can cause operations and sci-
enti� c observations to be infeasible. Therefore, the characteristics
of librations of the tethered system and tension states of the tether,
facing atmospheric drag and changes of gravity gradient and or-
bital angular velocity, are the focus. In the investigations,a tethered
system with single subsatellite (TSS) is used to clarify the funda-
mentalcharacteristics� rst. Second,resultsof a tetheredsystemwith
multiple subsatellites (TMS) are compared with those of the TSS.

Formulation
System Con� gurations and Assumptions

The mathematical model of the tethered systems is shown in
Figs. 2 and3. The TSS consistsof a subsatelliteand a mothersatellite
connected by one tether, and the TMS consists of four subsatellites
and a mother satellite connected by one tether. The purpose of this
study is to clarify the effects of the atmospheric drag and the orbital
eccentricityon dynamics of the tethered system for a long duration.
Because the relative motions of the satellites and tethers are the fo-
cus, the orbital perturbationsdue to atmospheric drag and librations
should be ignored. By letting the mother satellite be in an elliptic
orbit without any perturbations, we can focus on only the relative
motions of the satellites and tethers. The assumption to ignore the
orbital perturbationscorresponds to the system having some orbital
control functions. In actual systems, the dynamics of the system is
affected by orbital controls, atmospheric drag, and so on. In this
paper, the effects of the atmospheric drag are clari� ed. The follow-
ing assumptions are made: 1) The orbital motion is decoupledwith

Fig. 2 Coordinates of system.

Fig. 3 Con� gurations of TSS and TMS.

Fig. 4 Assumption of atmospheric drag on tether.

the attitude motion of the tethered system. 2) The center of mass is
moving in an equatorial orbit around the spherical Earth. 3) Only
in-plane motion is considered because the characteristic feature of
gravity-gradientchangeandatmosphericdragaffectmainly in-plane
motion. 4) The subsatellitesare spherical rigid bodies, and they are
attached to the tether with offsets. 5) The mothersatellite coincides
to the origin of the orbital coordinate system. 6) The tether is mod-
eled as lumped masses connectedby combinationsof a spring and a
dashpot, which are shown as white circles in Figs. 2 and 4. Through
this model, the characteristics of the tether, such as � exibility, dis-
tributedmass, and no bending rigidity, are considered.7) The tether
is initially fully deployed,and active controlsof the tethered system
are not considered.8) The atmosphererotates with the Earth, and its
density is a functiononly of altitude. 9) The distributedatmospheric
drag on tether elements is concentratedat mass points, lumped mass
of the tether or the subsatellites.10) To focus on the dynamicsof the
tethered system subjected to the atmospheric drag and changes of
orbital angularvelocityand gravitygradient, the orbitalperturbation
due to the atmospheric drag is not considered.Through this model,
de� ection and slack state of the tether, distributedatmospheric drag
on it, and attitude motions of the subsatellites can be investigated.

Equations of Motion
Lagrange Equations

Equations of motion are obtained by using the Lagrange formu-
lation. Let x and R be the position vectors of a mass point in the
orbital frame and in the inertial frame, respectively, and R0 be the
position vector of the center of mass of the total tethered system as
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shown in Fig. 2. The following equations can be obtained for the
position and the velocity of the point mass:

R D R0 C x (1)

PR D PR0 C Px C Pº £ .R0 C x/ D

2

4
Px ¡ Pº.y C r/

Py C Pr C Pºx

Pz

3

5 (2)

The kinetic energy K and potential energy U can be expressed as
follows denoting mass of the mass point as M :

K D 1
2
Mk PRk2 (3)

U D ¡¹.M=kRk/ (4)

The elastic potential energy P and dissipation function W of the
mass point related to two neighboring mass points (denoted as ¡
and C, shown in Fig. 4) can be expressed as

P D 1
2
k.lC ¡ ln/2 C 1

2
k.l¡ ¡ ln/2 (5)

W D 1
2
cPl2

C C 1
2
cPl2

¡ (6)

where

lC D xC ¡ x; l¡ D x ¡ x¡; l D klk; Pl D d

dt
klk (7)

The equationsof the subsatelliteof TSS and of the bottom subsatel-
lite of TMS have no variables with suf� x -.

Lagrangian L about the mass point is obtained as

L D K ¡ U ¡ P (8)

and the Lagrange equations of motion can be obtained as follows:

d

dt

³
@

P
L

@ Pq

´
¡

@
P

L

@q
C

@
P

W

@ Pq
D Q (9)

Equations of Motion for Mass Points
After assuming z D Pz D 0, we obtain the following equations of

motion for the lumped tether masses and the subsatellites:

Rx D Rº.y C r/ C x Pº2 C 2Pº. Py C Pr / ¡ ¹xfx2 C .y C r/2g¡ 3
2

¡ ®C[.TC=M /.x ¡ xC/=lC]

¡ ®¡[.T¡=M /.x ¡ x¡/=l¡] C Fx =M (10)

Ry D ¡Rr ¡ Rºx ¡ 2Pº Px C .y C r/ Pº2 ¡ ¹.y C r/fx2 C .y C r /2g¡ 3
2

¡ ®C[.TC=M /.y ¡ yC/=lC]

¡ ®¡[.T¡=M /.y ¡ y¡/=l¡] C Fy=M (11)

where

T D k.l ¡ ln/ C cPl (12)

k D ¼d2
t E

¯
4ln (13)

c D 0:03 £ ccr D 0:03 £ 2 £
p

Mt k (14)

In Eq. (14), c is set to 3% of ccr, which is the longitudinal critical
damping coef� cient of a single pendulum consisting of a tether
element and a tether point mass. Variables ® and F are based on
the tether tension state and the atmospheric drag, respectively. To
expressthat the tethercannothavecompressivestress, thecoef� cient
® is given as follows:

l ¸ ln ! ® D 1; l < ln ! ® D 0 (15)

The values of atmospheric drag on the tether and the subsatellites
are as follows:

For lumped masses of the tether,

F D 1
2
½.r;y/Cdt dt lekVkV (16)

For the subsatellites,

F D 1
2 ½.r;y/

£
Cdt dt le C

¡
¼d2

s

¯
4
¢
Cds

¤
kVkV (17)

where

V D
µ

. Pº ¡ Ä/.r C y/ ¡ Px
¡ Py ¡ Pr

¶
(18)

le D 1
2

2

4kl¡k

s

1 ¡
³

l¡ ¢ V
kl¡kkVk

´2

C klCk

s

1 ¡
³

lC ¢ V
klCkkVk

´2
3

5

(19)

Attitude Motion of Subsatellites
Attitude angles of the subsatellites are measured from the local

vertical shown in Fig. 2. The equation for Ãs is given as follows for
spherical subsatellites:

RÃs D ¡Rº ¡ [.Ix ¡ Iy/=Iz]=.3¹=r 3/ cos Ãs sin Ãs C Tq=Iz

D ¡Rº C Tq =Iz (20)

where

Tq D TC.ds =2/ sin.ÁC ¡ Ãs/ C T¡.ds=2/ sin.Á¡ ¡ Ãs / (21)

Á§ D tan¡1[.x ¡ x§/=.y§ ¡ y/] (22)

Orbital Motion
The equations of orbital motion are obtained as follows:

Rr D r Pº2 ¡
¹

r 2
C

1
MT

X
¹M

3.x2 C 3y2/

2r 4
C

Qr

MT

(23)

»
MT r 2 C

X
M.x2 C y2/

¼
Rº D ¡2MT Prr Pº

¡
X

Mf2Pº.x Px C y Py/ C Rx y C 2 Px Py C x Ryg C Qº (24)

When x2=r 2 and y2=r 2 »D 0 are assumedand the orbitalperturbation
is neglected,the orbital equationsare well approximatedas follows:

Rr D r Pº2 ¡ ¹=r 2 (25)

Rº D ¡2 Pº Pr=r (26)

System Parameters
When a feasible tethered system is considered to � t the atmo-

spheric observation program, constants for the analysis shown in
Tables 1 and 2 are selected.The subsatellitesof the TMS are identi-
cal to the subsatellite of the TSS. In the numerical simulations, the
atmospheric density is given as a function of the altitude above the
Earth, which is approximated for the range from 100 to 500 km by
using the 1976 Standard Atmosphere.15 For the range higher than
500 km, the density is regardedto be negligible.Also, rE D 6378 km
and ¹ D 3:986 £ 1014 m3/s2 are used for Earth parameters.

Table 1 Parameters of subsatellites

Parameter Value

Ms 100 kg
ds 1.0 m
Ix ; Iy ; Iz 10 kg m2

Cds 2.0
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Table 2 Parameters of tether

Parameter Value

dt 1.5 mmP
Mt 200 kgP
ln 100 km

Cd t 2.0
E 5.0 £ 109 N/m2

Number of tether 20
elements

k 1.77 N/m
c 0.25 N ¢ s/m

Fig. 5 Initial condition of tethered system.

Numerical Simulations
Initial Conditions

The initial conditions, which are ÃT 0 D 0 and PÃT 0 D 0 relative
to the orbital coordinate at the apogee (Fig. 5), are given in all
simulations. Initial orbital parameters are given as follows:

r0 D [.1 C e/=.1 ¡ e/]rperi (27)

Pr0 D 0 (28)

º0 D ¼ (29)

Pº0 D
q

.1 ¡ e/¹
¯

r 3
0 (30)

Effect of Eccentricity
As mentioned before, the initial conditions and the eccentricity

determine the motion of a tethered system, that is, whether it will
tumble or librate. Orbital eccentricity causes changes of the orbital
angular velocity and the gravity gradient, and its effect on the dy-
namic behavior is investigatedthroughnumericalsimulationsof the
TSS neglecting the atmospheric drag. The altitude of perigee and
the eccentricity are taken as hperi D 250 km and e D 0:2. Numerical
simulations have been carried out for 500 orbital revolutions. Nu-
merical solutionsare obtainedby fourth-orderRunge–Kuttamethod
setting the time step at 0.1 s. By the variation of the size of the time
step, the accuracy of the numerical results in the study is veri� ed at
least three signi� cant digits at the end of the simulations.16 To grasp
the dynamic characteristics of libration of the total system, both
the time-history of attitude angle and a Poincaré map are checked.
A Poincaré map consists of discrete plots created by sampling the
values of states periodically,which facilitates understandingof the
changes in the motion characteristicsof the system over long peri-
ods of time. In this study, .xs; Pxs / is mapped at every apogee point.
Figure 6a is the Poincaré map, and Fig. 6b is the time history. The
tether attitude angle ÃT is obtained by the following equation:

ÃT D tan¡1.¡xs=ys / (31)

Plotted points in the Poincaré map form a closed curve, and in
the time history, it is shown that the amplitude of libration con-

a) Poincaré map

b) Time history

Fig. 6 Libration of tethered system; TSS (hperi = 250 km).

a) De� ection of tether

b) Attitude motion of subsatellite

c) Tension of tether

Fig. 7 Dynamic response of tethered system neglecting atmospheric
drag; TSS (hperi = 250 km).

tinues to lie within � xed limits. From Fig. 6, it can be concluded
that the tethered system continues quasi-periodic libration stably.
It is known that the points are plotted at the center of the closed
curve when the period of the libration is the same as one orbital
period, which means periodic motion.8 The frictional dissipation
of the tether is expected to be effective in stabilizing the libration.
However, the simulationof 500 revolutionsdoes notverify its effect,
and longer-termsimulationsare consideredto be necessaryto verify
it. The de� ection of the tether, the attitudemotionof the subsatellite,
and the tension of the tether element directly connected to the sub-
satellite in the numerical results are shown in Fig. 7. The de� ection
of the tether is de� ned as the differencebetween the stretchedlength
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of the tether and the distance from the mother satellite to the sub-
satellite, which is expressed as

1l D
X

l ¡ kxsk (32)

The attitudeangleof the subsatelliteis de� nedas the anglemeasured
from the tether line, which is expressed as Ãs ¡ ÃT . In Fig. 7,
amplitudes of the attitude motion and the tension continue to stay
within certain bounds, and it can be considered that these motions
continue stably in the later duration.

It can be concluded that orbital eccentricity, where libration of
the total system is possible, does not affect stability of the tethered
system. To focus on the effect of atmospheric drag, the orbital ec-
centricity is set at e D 0:2, and many numerical results are obtained
by letting hperi vary as follows:

200 · hperi · 300km (33)

Effect of Atmospheric Drag on Libration
Numerical Results

In this section, the effects of atmospheric drag on libration are
investigated.First, the set of equations of the TSS is integrated for
500 orbital revolutions in the orbits of hperi D 250 km. The result is
shown in Fig. 8. To understand the characteristics of the libration
clearly, the durations from the 1st to the 100th revolution and from
the 401st to the 500th revolution are focused on. In Fig. 8a, the
points during revolutions 1–100 are denoted by circles, and those
during revolutions 401–500 by crosses. The average radius of the
crosses is obviously larger than that of the circles, and in the time
history, the amplitude of the libration is getting larger. Comparison
between Fig. 8 and Fig. 6 suggests that the libration diverges due to
the effect of atmospheric drag.

Effect of Altitude of Perigee
To verify the effect of the altitude of perigee on the stability

of libration, the rapidity of divergence can be taken as a kind of
measure of the instability, and to evaluate the rapidity, a parameter
¸ is introduced by the following de� nition:

¸ D 1

100

Á
500X

401

jxs ¡ xspj ¡
100X

1

jxs ¡ xspj

!
(34)

The approximate value of xsp can be obtained as a mean value of
xs . The physical meaning of ¸ is the comparative measure of the
approximate radius of plots in Poincaré map of revolutions 1–100
and the correspondingapproximate radius of revolutions 401–500.
When the libration diverges, ¸ has a positive value and vice versa.
The result is shown in Fig. 9. In the unplotted cases, the total sys-
tem begins tumbling within 500 orbital revolutions. In the case of

a) Poincaré map ( , revolutions 1–100 and ££, revo-
lutions 401–500)

b) Time history

Fig. 8 Divergence of libration; TSS (hperi = 250 km).

Fig. 9 Effect of altitude of perigee on ¸; TSS.

Fig. 10 Divergence of libration and tumbling motion; TSS (hperi =
220 km).

hperi D 220 km, the total system begins tumbling in the 32nd revolu-
tion. The change of the motion from libration to tumbling is shown
in Fig. 10.

Physical Interpretation
If the motion of the tethered system is same as the periodic mo-

tion, librationneverdiverges.Therefore, the divergencecan be inter-
preted by focusing on the deviation from the periodic motion. The
angular velocity of libration of the tethered system in the inertial
coordinate is Pº C PÃT , and the centrifugal force of the tether is al-
most proportionalto . Pº C PÃT /2. In the case of PÃT < PÃT p , where the
backward swing is slower than that of the periodic motion around
the perigee, the centrifugal force diminishes, the tether becomes
shorter, and the tethered system faces the atmosphere of lower den-
sity. Therefore, atmospheric drag on the system grows smaller than
that of the periodic motion, and the slower backward swing is de-
celerated. Contrary, in the case of PÃT > PÃT p , the tether elongates,
the atmospheric drag is larger than that of the periodic motion, and
the faster backward swing is accelerated. In this way, libration di-
verges from the periodicmotion at everyperigee.The lower altitude
of perigee increases the instability because the atmospheric density
and its gradient are larger. As mentioned before, in an elliptic or-
bit with a given orbital eccentricity,the initial condition determines
whether the motion is in libration or tumbling motion. The region
of the initial conditions, which lead a tethered system to continue
libration, is distributed around the periodic motion in the Poincaré
maps.7¡11 As the libration diverges from the periodic motion, the
points are plotted outward in the Poincaré map, as shown in Fig. 8a.
When a point is plotted outside of the libration region, the total sys-
tem begins tumbling motion because of the changes of the orbital
angular velocity and the gravity gradient. The physical interpreta-
tion can also be consideredas follows: The effect of the atmospheric
drag just results in the gradual changes, that is, divergence (Fig. 10;
0»31 revolutions), and the changes of the orbital angular velocity
and the gravity gradient give rise to the radical changes from the
libration to the tumbling motion (Fig. 10; after 32 revolutions).

Effect of Atmospheric Drag on Tension State of Tether and Attitude
Motion of Subsatellite
Numerical Results

In this section, the effects of atmospheric drag on tension state
of the tether and attitude motion of the subsatellite are investigated.
Tension and de� ection of the tether and attitude motion of the sub-
satelliteare focusedon. At � rst, the motion of the tetheredsystem in
the case of hperi D 250 km is checked. Figures 11a–11c are the time
histories of the tether de� ection, attitude motion of the subsatel-
lite, and tension of the tether element connected to the subsatellite.
When these � gures are compared with Fig. 7, it is obvious that the
de� ection and the attitude motion are excited signi� cantly by the
atmospheric drag.
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a) De� ection of tether

b) Attitude motion of subsatellite

c) Tension of tether

Fig. 11 Dynamicresponse of tethered system considering atmospheric
drag; TSS (hperi = 250 km).

a) Atmospheric drag

b) Tension of tether

c) Attitude motion of subsatellite

Fig. 12 Dynamic response of tethered system with large atmospheric
drag; TSS (hperi = 220 km).

Slack State of Tether
The numerical result in the case of hperi D 220 km is rearranged,

where the total system begins tumbling during the 32nd revolution,
as shown in Fig. 10. The time histories of the atmospheric drag on
the total system, tension of the tether element, and attitude motion
of the subsatellite during the beginning two revolutions are shown
in Fig. 12. In this case, the tether element goes slack due to the
impulsive atmospheric drag around the � rst perigee, and the sub-

a) Atmospheric drag and tether de� ection

b) Attitude motion and orbital altitude

Fig. 13 Detailed aspects of tethered system during � rst revolution;
TSS (hperi = 250 km).

satellite begins unstable motion. The tether in a slack state does not
provide any tension to the subsatellite,and the system shows abrupt
change of attitudemotion. The subsatellitebehavesunstably,which
emerges as in-plane tumbling motion as shown in Fig. 12c. This re-
sult means that the slack state of the tether is inevitable in the orbits
of lower perigee, and the subsatellite is perturbed signi� cantly even
if the total system continues libration.

Physical Interpretation
The time histories of the atmospheric drag on the total systemP
F , de� ectionof the tether1l , and attitudemotionof the subsatel-

lite during the beginning � rst revolutionare shown in Fig. 13. From
Fig. 13, physical interpretation of the excitation can be obtained:
The atmospheric drag causes the de� ection of the tether, and the
lateral vibration of the tether excites the attitude motion of the sub-
satellite. In the orbits of lower perigee, the tether elements in the
lower positions face larger atmospheric drag, and the amplitude of
the difference of the tether tension from the nominal one (with-
out atmospheric drag) becomes large as shown in Fig. 12b (around
0.5 revolution). When the perigee is lower than a certain altitude,
the smallest value of the tether tension can be nothing around the
apogee, where the nominal tension is minimum. In this case, the
tether tension can have a large value just after the slack states. Such
radical changes of the tether tension repeats for a certain duration,
circled in Fig. 12b, which can be a large perturbationfor the attitude
motion of the subsatellite.

Dynamic Behavior of TMS
The divergence of libration is also observed in the case of TMS.

The pitch angle of the tether is obtained by substituting xd for xs

and yd for ys , respectively, in Eq. (31). The result in the case of
hperi D 250 km is shown in Fig. 14, and it is obvious that the libra-
tion diverged more rapidly than it did for the TSS shown in Fig. 8.
In the case of hperi D 240 km, the total system begins tumbling dur-
ing the 396th revolution, as shown in Fig. 15a. In Fig. 15b, Ta –Td

denote the tension of the tether elements, which are connected to
subsatellites a–d, respectively.As shown in Figs. 15b and 15c, the
tether elements of the whole system go slack just before the total
system begins tumbling, and all subsatellites behave unstably. In
this case, the amplitude of the libration is so large that the gravity-
gradient effect is not large enough to maintain the tension of the
tether. Therefore, all tether elements go slack at almost same time.
The dynamic response in the case of hperi D 220 km is shown in
Fig. 16. In this case, impulsive atmospheric drag signi� cantly per-
turbs the tethered system. Slack states occur more frequently in the
lower tether elements, and the subsatellites in the lower positions
of the system tend to behave unstably. This result shows that partial
instability of the system can occur in TMSs.
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a) Poincaré map ( , revolutions 1–100 and ££, revolutions
401–500)

b) Time history

Fig. 14 Divergence of libration; TMS (hperi = 250 km).

a) Change of motion

b) Tension of tether

c) Attitude motions of subsatellites

Fig. 15 Dynamic response of tethered system with tumbling motion;
TMS (hperi = 240 km).

a) Atmospheric drag on total system

b) Tension of tether

c) Attitude motions of subsatellite

Fig. 16 Dynamic response of tethered system with large atmospheric
drag; TMS (hperi = 220 km).

Conclusions
Dynamic behavior of tethered systems in elliptic orbits is

investigated through numerical experiments. The mathematical
model of the tethered system includes distributed mass and � ex-
ibility of the tether, rigid-body motions of the subsatellites, and
atmosphericdrag. Through Poincaré maps and time histories,phys-
ical interpretationsof dynamic behavior are clearly shown.

Concerning the libration of the total system, numerical results
have shown that the libration of the total system can be unstable
due to atmospheric drag, that unstable librations diverge from the
nominalperiodicmotion,and that later total systemsbegintumbling.
Because both the atmospheric density and its gradient increase as
the altitude becomes lower, the instability of librations increases in
the orbits of lower altitude of perigee. Concerning tension states
of the tether and attitude motions of the subsatellites, the physical
interpretation is obtained from the numerical results: Atmospheric
drag causesde� ectionof the tether, and lateralvibrationof the tether
signi� cantly perturbs attitude motions of the subsatellites. Slack
states of the tether are focused on, and it has been shown that they
occur both when the total system begins tumbling and when the
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tethered system faces impulsive atmospheric drag in the orbits of
lower altitudeof perigee.The tether in a slack state does not restrain
the motions of the subsatellites, and this allows the motions of the
subsatellitesto be perturbedsigni� cantly. In the TMS case, the large
perturbationscan partiallycause the slack states of the tether,which
causes unstable attitude motions of some of the subsatellites.

It can easilybe consideredthat many other resultscan be obtained
for tethered systems of other system con� gurations, such as the
length, diameter, and material of the tether, shapes and masses of
the subsatellites,and orbitalparameters.Therefore, the effectsof the
system con� gurations on the stability should be clari� ed in future
work. Furthermore, active control of the libration motion should
also be considered.
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